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1. Introduction 

Multilayered thin metal film subjected to the ultra-short laser pulse is considered. 

Mathematical description of the process discussed is based on the system of the dual-phase lag 

equations supplemented by appropriate boundary and initial conditions [1, 2, 3]. Special attention 

is devoted to the ideal contact conditions at the interfaces between the layers, which in the case of 

the dual-phase lag model must be formulated in a different way than in the macroscopic Fourier 

model [4]. To solve the problem the explicit scheme of finite difference method is developed. 

In the final part the example of computations is shown. 

2. Governing equations 

Multilayered thin film of thickness L = L1 + L2  + ... + LM  with an initial temperature distribution 

T (x, 0) = T0, constant thermal properties of successive layers and the ideal thermal contact between 

the layers is considered. The temperature distribution in the successive layers is described by 

the system of equations (1D problem) [1, 3]  

(1)
  

2 2

1 2 2

3

2

( , ) ( , ) ( , )
: τ λ

( , ) ( , )
τ λ ( , ) τ , 1,2,...,



   
     

   

 
  

  

m m m
m m m qm m

m m
T m m m qm

T x t T x t T x t
L x L c

t t x

T x t Q x t
Q x t m M

t x t

 

where cm is the volumetric specific heat of m-th layer, λm is the thermal conductivity, τqm is the 

relaxation time, τTm is the thermalization time, Tm is the temperature, x is the spatial co-ordinate and t is 

the time. A front surface x = 0 is irradiated by a laser pulse and the source function Q1 (x, t) connected 

with the laser heating is defined as follows [2] 
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where I0 is the laser intensity, tp is the characteristic time of a laser pulse, δ is the absorption depth, 

R is the reflectivity of the irradiated surface and β = 4 ln2. For m = 2, 3, …, M: Qm (x, t) = 0. For x = 0 

and x  = L the non-flux conditions can be assumed. 

The boundary conditions on the contact surfaces between sub-domains have the form of continuity 

ones, this means 
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The initial conditions are also given 
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It should be pointed out that in the dual-phase lag model the following relation between heat flux and 

temperature gradient must be apply [1] 
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The dependence (5) should be included in the boundary conditions (3). 

3. Example of computations 

The layer of thickness L = 100 nm being a composition of gold layer L1 = 50 nm and chromium 

layer L2 = 50 nm subjected to a short-pulse laser heating (R = 0.93, I0 = 30 J/m
2
, tp = 0.1 ps, 

δ = 15.3 nm) is considered.  

The values of thermal 

parameters are taken from [3]. 

The problem is solved using the 

explicit scheme of finite difference 

method under the assumption that 

grid step is equal to h = 1 nm and the 

time step is equal to ∆t = 0.0002 ps. 

In Figure 1 the temperature 

distribution for time 0.5 ps is shown. 

The first curve corresponds to the 

solution in which the boundary 

condition is formulated taking into 

account the formula (5), while second 

curve is obtained under the 

assumption that the classical 

continuity condition is applied. 
 

Figure 1. Temperature distribution 1- DPL,  

2 - DPL with the classical continuity condition. 

4. Conclusion 

In considerable amount of works concerning the dual-phase lag equation modeling in the case 

of multilayered domains the system of PDE is supplemented by the continuity conditions in 

the classical macroscopic form. Such an approach is incorrect, of course, and the acceptation of 

the ‘microscale’ form of this condition gives the results evidently different than in the case of 

simplified model. 
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