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1. Introduction

Anand [1] has shown that Hencky’s elasticity model describes the deformation of some isotropic
hyperelastic materials at moderate strains (at a stretch of 0.7 < A\ < 1.3), including the deformation
of vulcanized rubber and elastic deformations of metals under high pressures, i.e., this material model
extends Hook’s law from the range of infinitesimal strains to the range of large ones. In the present
paper, we develop a new rate formulation of Hencky’s hyperelastic isotropic material model. This
material model is implemented in the MSC.Marc code. Experimental studies on torsion of free and
constrained end rods of the Duothan QA965 polyurethane material have been performed. The defor-
mation of the rods of this material is simulated using Hencky’s elasticity model. The experimental
data are compared with the results of computer simulations using the MSC.Marc code.

2. Rate formulation of Hencky’s hyperelastic isotropic material model

Constitutive relations for Hencky’s elasticity model in the Lagrangian formulation are [2]
() 7=CF:EO,

where C¥ is the forth order tensor, E(¥) = Y i, In A\;C; is right Hencky’s (Lagrangian) strain tensor
and 7 is Noll’s (Lagrangian) stress tensor [3], C; are the eigenprojections [4] of the right (Lagrangian)
Cauchy-Green strain tensor C [3], \; are the principal stretches [3], m is the m-index [4]; hereinafter,
the indexes run over the values from 1 to m. The C¥ tensor has the form [3]
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Hereinafter A and yu are the Lamé parameters, I denotes the identity tensor, and ®, ®, ®, and Ségl
denote the tensor product operations [5].
The Lagrangian rate form of relations (1) is written as

3 7’=C”:D,

where 77 is Lagrangian objective corotational D-rate of the tensor 7 introduced in [4, 6] (see also
[7]), and D is the rotated strain rate tensor [3]. It can be shown that the Lagrangian rate formulation
of Hencky’s hyperelastic isotropic material model (3) is equivalent to the rate formulation

4 S@=C:E®,

where the dot above a variable denotes the time derivative of this variable, S is the symmetric (La-
grangian) second Piola—Kirchhoff stress tensor, E() is the symmetric (Lagrangian) Green-Lagrange
strain tensor, and C is the Lagrangian objective fourth order elasticity tensor, which has two minor
symmetries and one major symmetry [5]
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where p; = \? are the principal components of the right Cauchy—Green strain tensor C and 7; are
the principal components of Noll’s stress tensor, which, for Hencky’s hyperelastic isotropic material
model, are defined as

6) m=AlnJ+2uln), (G=1,...,m), J=AAs.

Using these equations, we can determine the second Piola—Kirchhoff stress tensor from the equation

(7) S® = ZTi/Nz’Ci-
i=1

3. Experimental studies and computer simulation

The Lagrangian formulation of Hencky’s isotropic hyperelastic material constitutive relations
is implemented in the MSC.Marc code with user’s subroutine hypela2.f. The reliability of the im-
plementation is proved by comparison of the numerical solutions obtained using the MSC.Marc code
with the exact solution of the two-dimensional problem of simple shear of a sample of Hencky’s
isotropic hyperelastic material. Experimental studies on extension of plane samples of the Duothan
QA965 material have been performed. It has been shown that Hencky’s isotropic hyperelastic ma-
terial model describes the extension of samples of this material at a stretch of 1.5. Experiments and
computer simulations of torsion of free and constrained end rods of the Duothan material have been
performed. The experimental data have been found to be in satisfactory agreement with the exact
solutions of these problems and with the results of computer simulations using the MSC.Marc code.

4. Conclusions

A new rate formulation of Hencky’s hyperelastic isotropic material model is developed. Exper-
imental studies on torsion of free and constrained end rods of the Duothan material were performed.
In the theoretical and computer simulations of rod deformations, Hencky’s isotropic hyperelastic ma-
terial model was used. The experimental data are consistent with the exact solutions of the problems
on rod torsion, as well as with the results of computer simulations using the MSC.Marc code.
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